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TORSIONAL STRESSES IK BOX BEAMS WITH CBOSS SZCTIOITS 
PARTIALLY" RESTRAINED AGAIUST WARP IHG* 1 
By Hans Zbner 



SUMMARY 



The present report gives a method for computing the 
-torsion of boxes with thin shear-resistant or simply ten- 
sion-resistant walls under any torsional load, support and 
dimension. The final stress condition is developed from 
that of a principal system with unconstrained sectional 
"buckling corresponding to Bredt's formula r.nd an addition- 
al stress condition due to constrained croas- sectional 
buckling. This is computed by means of the deflection 
condition of the principal system from a statically inde- 
terminate calculation. Conformably, the torsional rigid- 
ity of the final system ie derived from that of the prin- 
cipal system with unconstrained sectional buckling. It 
is shown that the additional stresses due to constrained 
sectional buckling become so much more decisive as the di- 
mensions of the Individual side walls vary from each other. 
In general, it suffices to determine the additional stress- 
es from a single or, at the most, double, statically inde- 
terminate partial system at the points of strong buckling 
constraint by assuming in their plane rigid bulkheads or 
UBing the formulas derived for regular systems. The dis- 
crepancy in torsional rigidity from that computed by 
Bredt's formula, is insignificant except for short boxes. 



I. IHTE0DU0ITI01T 

Boxes (fig. 1) consisting of four sid.e walls with re- 
inforcing bulkheadB are extensively used in airplane and 



♦"Die Beanspruchung dunnwandiger Eastentrager auf Drillung 
bei behinderter Querschnittswolbung. " Z.F.M., December 14, 
1933, pp. 645^-655; and December 28, 1933, pp. 684-692. 
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ship construction. Thay usually form the center boxes of 
metal- and ply-covered wings, airplane bodies, ship bulls, 
and double bottoms of ships. In this connection, the box 
is predominately stressed in bending (which is not, how- 
ever, within the scope of this paper (reference 1)) and in 
torsion. 

The analysis of thin-walled boxes under torsion is 
very simple, provided unconstrained cross- sectional buck- 
ling is ensured, and in whicb case Bredt's theory for 
thin-walled tubes is applicable (reference 2). 

The b tress of a box with shear-resistant walls under 
torsion with constrained cross-sectional buckling has al- 
ready been investigated for specific cases of loading, 
support, and dimensions, namely: by Eggenschwyler (refer- 
ence 3) for the freely supported, unconstrained box with 
slnusoldally distributed torsional loading, and by Helss- 
ner (reference 4) for the one-sidedly buckling resistant 
box with evenly distributed torsional load. WhereaB Bggen- 
Behwylj^r j^Bumes a box with constant cross section, Heiss- 
ner, mnhw, treats the box with linearly changing 
height but otherwise constant dimensions. The premise of 
both authors Is the stiffening of the box by infinitely 
closely spaced, rigid bulkheads. 

Theee assumptions as well as the limitations relative 
to load and else are not made in the present report be- 
cause in practice we encounter at times, boxes of differ- 
ent load and sise with less rigid bulkheads at wider spac- 
ing. As a result the problem then reverts to the resolu- 
tion of an equation of differences, i.e., of a system of 
equations rather than of a differential equation, as in 
the cited reports. 

Prom the point of view of statics, the box with shear- 
resistant wallB requires no corner stiffeners when stressed 
in torsion, although for structural reasons and because 
of the concurrent stress in bending, It is nevertheless 
so reinforced as a rule and therefore falls within the 
scope of this "study. 

The plate girders used in airplane design are very 
thin metal webs with no regard to shear stiffness. The 
webs -act between the edge stiffeners and the upright stiff- 
eners (spaced suitably close, l/2 to l/5 beam height) as 
"tension diagonal fields." As demonstrated by Wagner (ref- 



B.A.CJL. Technical liemarandum Ho. 744 3 



erence 5) for the flat-plate girder; the analysis of such 
'feea.ms Is very, simple when assuming edge* flanges stiff in 
Trend ±ngi -Bad dan "be' readily extesaed'to include "box beams 
with such' very thin plate wall« A: -:. ■ 

-.- ■ " ■ ■ 

..-../The case of box beams with longitudinal walls. and 
■bulkheads consisting of trusses* has been treated else- 
where reference '6) r.. ' 



;t i. 



.. II. PHIH0IP1IS . \ . : .:,J 

1. notation (see^flgs. 1 and 2). 

The bulkeads are denoted by 

0. 1.2 . . . t r r- 1, . r , r .+ 1 .... n - 1 , n; 

positive longitudinally -when from left to right. The di- 
visions between consecutive bulkheads or "cells" carry the 
figure of their right-hand bulkhead. The bulkhead corners 
positive- longitudinally when clockwise are indicated by I, 
II. IIIi and IT. The.', coordinate-., eyst ems for the individ- 
ual longitudinal walls of the cells are illustrated in fig 
ure 2. In addition:.'., 

a, spacing,, of bulkheads 

b,c, sides of'| bulkheads 

d D ,d c ,d, wall thickness of horizontal and upright lon- 
gitudinal walls and bulkheads. 

1, length of system 

7, cross section of corner stlffener 

U r . Individual torque about the longitudinal axis 
at the rth bulkhead . • . .. 

\ nip, distributed torsional load in rth. cell 

V^n, tcr<sion> -moment in J-th, call , . ... . .... 

B.C. couples of horisontal and vertical ..forces . 

t, tangential edge loading (kg/m) 

. * - ■ • * i - . . ■ ■ ■ ■ ■ ■ ■■ 
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lie,,-;? Individual torque- *H • ■ and couples B and 0 ape pos- 
itive -when clockwise - as seen in positive fore-and-aft di- - 
pep* ion, and twisting moment 3 is positive when the per 
sultant of the outside torque at the left-hand part of the 
system is counterclockwise as seen in positive fore-and- 
aft . direct ion. . Voiding the longitudinal walls In the 
plane. of .the. forward longitudinal wall, we figure as pos- 
itive: outside loads when downward, transverse loads and 
"bending moments when the resultant of the outside loads 
at the left wall portion is upward or turns clockwise. 
Tensile stresses are positive. 

* 

2. Outside Loads 

The outside torsional load of the box may appear aa 
individual torque K (m kg) at the "bulkheads, or as tor- 
sional load m (m kg/m) distributed across the length of 
the cell. The effect of a distributed torsional load is 
duly allowed for by dividing it over two supports -across = 
' the .bulkheads, conformably to the support pressure of a - 
•fcbeam and computing the box for the thus -produced Individ- 
-ual torque. The effect of the intermediate- loading is 

accounted- for by analysing the equilibrium' condition from 
-. the Inverse support torque and the intermediate torsional 
load (fig. 2). The individual' torque' II and the distrib- 
uted torsional load m can be applied as couple of hori- 
sontal and vertical forces and K e oJr m b and m c> Tne 
torque U\ at the bulkheads then gives the effective 
twisting moment in a cell P: 

. " . . r- 1 ■ n - ■* ' 

M P = - Z Mi ■=. + Z lli 
i=o i=r 

3. Principal System and Elasticity Equations 

Division of the box loaded under 1 individual torque II 
(fig. 1) at the bulkheads into a number of separate boxes 
or "cells," affords a "principal system," wherein the 
cells themselves are in equilibrium when: the twisting mo- 
ments fir to be transmitted between each pair of cells 
are applied as outside torque (fig; 3)-. The' stress condi- 
tion of this system resulting from the twisting moment ap- 
plied at the cells is readily defined. To Illustrate: the 
box with shear-resisting walls gives an_ attitude of pure 
stress in shear, which can be computed wttn Bredt's formu- 
las (section III, 2 - equation 15). 
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She distortion of the individual cells induces sec- 
tional buckling, i.e., the. Intersections of an originally 
flat "cross section are no longer on a plane after loading 
(fig. 4). If two consecutive coIIb are unlike as regards 
load, form, or size, the cross-sectional "buckling at the 
intersecting "bulkheads is generally not the same. To re- 
-'•ettta-Dlish the connection of the cells in the "box, it 1b 
nefcessary tb' apply normal stresses "between the cells so as 
to balance the- truckling differences. Such normal stresses 
ere' equally necessary when one end of the bulkhead is to 
be 'Joined to a rigid plane. 

Jot reasons of equilibrium the normal stresses trans- 
mitted between the. cells must be such that their result- 
ant effect can be represented in groups of four equal as- 
ymmetrical normal stresses of amount X in the corners of 
the bulkheads (fig. 3). Then a rational assumption Tor 
the distribution of the normal stresses narrows the pro-b^- 
.lem down to a statically indeterminate group of- forces X 
at- each bulkhead, thus reducing the analysis of the box to 
a statically indeterminate system whose static indet~ermi<* 
nation with' n cellB and f ree- to-buckle connection of " the' 
end bulkheads is (n - 1) times; for one-sided and two-., 
sided buckling resistant fixation is n and (n + I) 
times. 

The effect of each group X r = 1 on the principal 

system (fig. 3) 1b confined to the two contiguous cells r 
and (r + l) . Thus the determination of quantities X r 
with elastic bulkheads is effected by means of a system of 
elasticity equations with five terms, the rth equation be- 
ing 

^r , r-a x r-ra*8r , r-i x r-i + ^r , r x r 

■ 

+ Sr,r+x x r+i + 6r,r+8 X r+a= -8 r>0 

3y assuming the bulkheads as being rigid in plane, 
the equations contain three terms. 

The absolute terms 8 r ,o an & *be factors 6 r ,i de- 
note the mutual buckling' of the - right-hand bulkhead of 
cell r relative to the left-hand bulkhead of cell (r + l) 
as a result of the outBlde load and condition X^ = 1. The 
buckling is denoted by the group of the four corner deflec- 
tions in the' sense of the "buckling forces X." Then the 
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first problem Is to define 6 r|0 and 8 r ,i. which stipu- 
lates knowing the -stress attitude on the cells In the prln 
clpal B7stem due to twisting moment H r and "buckling fore 
X r . 

4. Distribution of Stresses 

, , The elasticity equations merely state that the mutual 
'.deflection of the corners of two adjacent cells must dls- 
' appear at the oommon bulkhead. So, strictly speaking, a 
distribution of the normal stresses must be presumed such 
that no individual buckling of' the side wall sections oc- 
curs, between the corners (fig. 4). 

!$y virtue of the' 'stipulated thin-walled box the cell 
..walls Jar e plates within which occurs a plane stress., condi- 
tion.. ir.J.th normal stresses Ox an & 0y an & shear stresses t 
Under the most elementary assumption the normal stresses 
C7 X are iinearly distributed over the longitudinal walls 

X ■ (Savier formula), which according to the rigorous elas- 
ticity theory, stipulates in the whole plate a parabolic- 
distribution of shear stress T as well as a vanishing : : 
normal stress .(J y in transverse direction* However, ow.- 
ing to the parabolic shear distribution and with finite 
transverse elongation, the plate sections (fig. 4) expe- 
rience an S-shaped buckling as a result of the normal 
stresses, and which becomes so much more pronounced aB the 

■ plate is higher relative to its width. In consequence, 
the Vavier stress attitude is at variance wit^i the- previ- 
ously established boundary condition: no individual , buck-r 

.ling of longitudinal walls between the bulkhead corners. 

Jot this reason, Airy's stress function was used to 
determine a stress condition for X - 1. which accounts 
for the boundary condition of vanishing individual buck- 
ling of longitudinal walls at the bulkheads. The results 
are given in section VI in comparison with Vavier 1 s stress 
formula for a relatively wide box (figs. 23 and 24). The 
local stress discrepancies, particularly at the corners 
of the loaded bulkhead, are not Inconsiderable, although 
they are minimised when the corners are reinforced. The 
more precise investigation reveals the shear stress to be 
more evenly distributed toward the bulkheads., although the 
total stresses, according to the rigorous elasticity the- 
ory are not very much different from those conformable to 
the Vavier method, and since these are decisive for the 
deflection factors, they may be computed, without appro- 
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ciable error, -under an assumedly linear distribution of 
normal stresses. Then the shear stress distribution is 
parabolic , although it may also he assumed as uniformly 
distributed with sufficient accuracy. Following the cal- ■ 
culation of the statically indeterminate X, the final 
stress condition can then be defined with the formulas 
given in the appendix. 

III. CONDITION 07 STHBSS ASD DEFLECTION 
j^p.^j^ OF PRINCIPAL STSTEli 
1. ffiq uaref Oell with Shear- Hob 1st ant Walls 

*~' ( r^r^^i * 

When stressing a cell in torque E er(Tbuckling X 
(fig. 3), the bulkheads transmit couples B and ~C to the 
longitudinal walls. The couples can be defined from two 
equilibrium equations (fig. 5). Owing to E, couples 
B and 0 must first set up the moment E at the bulkheads . 
then produce longitudinal forces A-& and A c at the indi- 
vidual longitudinal walls which disappear when the latter 
are Joined together. The forces B and C due to X must 
first have a vanishing moment at the bulkheads, and second, 
produce forces A-q and A c which, upon assembly of the lon- 
gitudinal walls, form the there applied forces X. For an 
arbitrary rth cell of the prismatic box, we have, owing to 

"• i 



owing to X r = 1 at right (rth) bulkhead, 

When loading the individual shear-resistant walls then 
with the defined B and C forces, their boundary elonga- 
tions c usually differ at the common edges I, II, III, IT. 
To afford equal elongation, stipulates mutually tangential 
effective edge loads t (kg/m) between the edges of the in- 
dividual longitudinal walls (fig. 5). These loads tj to 
tjy are determined with four equations, one of which, say 
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at edge I. reads 



to r- " ■" ■" '■ '• * *• ■" ! ■ 1 



ClD = €lc (3) 



' : :■: •. ■ : IT 

_rj... ,Th-ea.e- : ^equations, yfceld in the generalised case- a three- 

te^rm^ .equation System jfoa: t r ' which 'is readily resolved. 

■ * 

■ ■ . ■ 

If the box cell is symmetrical- t-tf the two median' 
planes as regards form and size, the edge loads t under 
twist (M) and hackling (X) mast for reasons of symme- 
try "be the:, same at all four edges* so that one' equation 

will then suffice to define t. 

. .■ ■ . / 

With II as bending moment and 1* as section modulus, 
the assumption" o£> linear distribution of the normal stress- 
es across the section, equation (3) becomes 

" + _ M b _ _ M c' ■ .r-- < 

•\ . • ■ ■ ■ ■ . ■ 

A. constant section modulus across the length of the cell 
and differentiation according to x" (distance from left- 
end bulkhead) gives: 



whence 



1 d M D 1 d M c _ 



fij& = Qe + t c 
which, written in (4) gives 

«. _ Qb/"b + <*c/*c * / [-n 

2. Stress Attitude of Shear-Resistant Longitudinal Tails 

Ey virtue of a group of longitudinal forces X r = 1 
at the rth cell of the principal system (fig. 3), it is 

1 b/W,. - c/W c 

■ ' t„ = t- -r- 5 - (6) 

r 2a b/lt + c/W 0 
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after Inserting <lb = - B r in (5) and Q c = - C r from (2) 



" If the longitudinal walla are plates of constant 
thickness d^ and ' d Q> equation (6) becomeB with h"^ = 

b 3 d b . o 8 d B 

-g and W 0 = : 



" _i t a r e d fl 
* r ~ + 2 a d d b + o d 0 



(7) 



With (2). and (7) ■ the longitudinal stresses at the edges 
due to X r = 1 (fig. 6) are: 

. M b _ - M c _ -Br i + / t r b dx _ { */a 



The upper prefix applies to edges I -and III, the. Other to 
II and IT. As a result of X r = 1 , the shear stresses 
are first evenly distributed (fig. 7). due to the edge 
loading t r : 



(t) (10 
*V *b,r = d c T C,r = - t r = - 



1 ^ d "b " c d c 
2 a b d D + c d c 



(9) 



In addition, however, it results in shear stresses perti- 
nent to' the normal stresses, which remain constant ovor 
the cell length and distribute themselves parabol ically 
across the longitudinal wall section (fig. 7): 



(a) _s 

Tl5 » r 2 a b d-, 

Ac) 3 



+ c d, 



c,r 



2 a b d-jj + c d t 



1 - G£r)° 



" (0/3) 



(10) 



With- Tb,r' ai *d. Tp»r aB *^e maximum shear stress 
in the center of the horis.p.ntal and the vertical walls, 
we have, because of- X r =il: 



40 
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T b,r = + 



2 Uv + c d, 



2 a dt b d-fc + c d c 

i 



'e.p 



2 a d. 



"b d^+ 2 c d c 



<?*/<0 (ID 



l 0 b d D + c d c 
(a) 

With shear etreaaes T % ' evenly distributed across the 
fEjLl sections, the total shear due to X r = 1, is 



? :. B a d D ' 



'c.r 



2 a d^V 



(12) 



As a result of condition X 
it is ' 



r-i 



= 1 at the left bulkhead, 



<Jr-i = ± 



6 (1 - J-) 
a 

b d D + c d c 



(13) 



The shear : T r _ 4 due to X r -i = 1 -is of the same magnitudi 
but inverse sign aB that due to X r = 1. 

The same s tre.sa attitude due to X = 1 is afforded 
when computing the individual lqngitudinal walls for the 
pertinent end: load B and C separately and allowing for 
the adjacent walla with a "supporting or effective width", 
b n = b/6 and c m = c/6. The result is the. same as previ- 
ously, with. .- ■ 

"f D = | (b d b + c d 0 ) and W c = f t* : *n + c d c ) , 



Mb = * x 
the edge stress 



and M 0 = + ^ x 



= ± 



6 



b d-u + c d- 



In the more precise stress condition (see Appendix) 
the effective width decreases particularly in the vicin- 
ity of the point of application 'of X. The value bjQ = 
b/6 and c m = c/6 1b the limit value for a relatively 
long box. 
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Owing tq the torsion /mom east - - U " on the principal sys- 
tem (fig. 3), it !■ -\" r '\ 

ST 

= ~ 2~~D~c" ' (14) 

r 

independent of the wall thickness of the longitudinal 
walls when writing Qv = - B n and <4 e = - 0 o of (l) into 
(5). ' 

The longitudinal stresses at the edges due to S are 
"with (1) and (14): 

x 

-B 0 x + / t 0 o dx 

o 0 _£. o 

T — 
Thus the (distortion) of the free cell due to M causes 

a pure stress attitude in shear 

M 

*b T h,o s 4 e Tc.o = ~ *o = 2 b <r ^ 15 * 

■ ■ 

Consequently (15) 1b identical to Bredt's formula for thin- 
walled tubes of enclosed section Fj_, 

T = J 



2 Jj. d 

The torque at the bulkhead supports due to distribut- 
ed torsional load m is (fig. 2): 

m i a i m i+i ai+i ' 

The twisting moments II thus formed produce the same 
stress attitude as before. The intermediate loading sets 
up an additional stress attitude whose effect grows with 
the bulkhead spacing. If m D is the horizontal and m 0 
the vertical torsional load initiated in the longitudinal 
walls, (5) gives with 



the tangential edge loading: 
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— a" 1 '"; C 



t. - - 



ed-ttfa + bd^ 



b o 



b d-jj + c d t 



- -) 



(16) 



Whence the stress attitude due to the intermediate loading 
is 



6 



ib d "* m. 



b d-jj+c d c 2 b c 

d D ^.s - d C T C,S - *«' 



a x (a - x). 



(a) 
T b.s 



b 



3 

2 b d^+c d^ be 
3 fc m t - m 



(17) 



ip-~> = ■» — » n -- ■ ■ — 

e » z 2 b d^+c d 0 b c. 

However, the same stress condition is obtained again 
when tue individual longitudinal walls are computed sepa- 
rately .for their respective torsional load m\> and m c 
and an effective width, "b m - b/fi and c m = .c/ 6 is as- 
sumed. The effective width for broad or high boxes de- 
creases according to the precise stress attitude, conform- 
ably to the equations given in the appendix. 

. .With equal horizontal and vertical torsional load 
m D = m c = m/2, a pure shear condition 

<*b T b.s = d c t,r-= 2~b L "c(l ~.. x ) 

(a) 

is reached again. Tor shear stresses T evenly dis- 
tributed across the wall it reduces 

b.s b,s f b,s b c d-Q \2 )■■■ .. 
T c.« - T c,s + T c,s ~ "b c dc \2 / 



and 
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3. Stress Attitude of Bulkheads 



-••»—- - - — 

. . : - Jfythe. bulkheads__thems-elves consist of elastic shear 
resisting plates at d thickness, the attitude due to 
twisting moment II and hackling force X on the princi- 
pal.. syBjefr- ( f ig* 3) is a pure stress ih* she*ar\ when aaaum- 
ing' rigid pin- ended edge members. 

Ihie to X r = 1 the tangential edge load t r (fig* 
8a) sets tip in the left and right bulkheadB of the rth 
cell the shear: 



T r = - = - = and = + - (18) 



d 2 a I 2 a d 

l .v. .- ■' _ 

The amount of shear in the bulkheads due to II de- 
pends on the applied torque If at the individual bulk- 
. heads. If they are, to begin with, equally divided by 
the square cell over the horizontal and vertical longitu- 
dinal walls, no shear stress occurs* m Otherwise the shear 
stress attitude is obtained from the equilibrium condition 
at the bulkhead between the applied 'torque and the inverse- 
ly actl.ng, evenly divided torque. 

■"■ With 1I D as the horizontally, and lt c as the ver- 
tically, applied proportion of the torque, the shear due to 
the tangential edge load t 0 (fig. 8b and c) ia: 

T. - - . - "Sl^ (19) 
° ■ d 2 b c d . 

4. Attitude of Deflection with Shear-Bealatant Walla 

With the stresses of the principal system (fig. 3) as 
defined in the preceding sections, the deflection factors 
of the elasticity equations can now be established. In 
the plane stress attitude presumed for the individual 
walls, the deflections (to be visualized as potential en- 
ergy} - with d = wall thickness' - follow from: 
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— v 

+ / / ^y.i € y.k 4 * *y + / / T i ife dx dy] 

-i ^Wpy y 5Ei*2EJE dx dy.- i / / 5EiiidE dx dy 



r+ / / — A* 4y 



- - / / j dx dy + / / — dx dy] . 



With linear etrees distribution for 0^, 



■ a. 



6i , k * d:[. / / 



"x.l °x,h 



dx dy + / / 



T i .V 



dx dy] (20) 



Is simplified, because Cy = 0 , 



/with', the premised symmetry of the box- relative .to the 

median planes, the integration for the stress attitudes ., 

defined in the preceding section gives the deflections due 
to., cjjuditioa Z r = 1 at 

r a r a r+: 



a 5 r 



(b dfc+o d 0 ) r (b d^+c d 



*c)r+i 



<* 6 



r.r 



_l_[_b_ _c_ ^ 4 o 3 ^-hc 3 d c "1 
2a P [d* + d c + 6 (b d D +c d 0 )*J P ' 

+ c_ + 4 *° a b + ° 3 d c 1 



I 5 



w _ 



r , r-i 



a Or.r-i 



= 4 



(b d 0 +c d 0 ) r 



• *' ;f m j 



1 
2a r 



b_ ^ jo_ 4 b 3 db+c 3 d c 



d 0 d c 5 (b d b +c d c ) 
(8 riP + x correspondingly) 



(21) 



H ii". O'.i!'. i'ec^lteai-lli'mb^'ntom SW- 



15. 



And In addition: ' ■>■.-.» ■ , r .- 



r 1 / 1 1 \ D0 



bo 



4a r+i S r+i 



- — (— + -L-S 
3a r V3a P Sar+i'' 



bo 
*r 



be 



a 8„ . = + 7 - 

r.r-a 4a r-1 a r I r-l 

(?r,r+x an4 &~r,r+a correspondingly), 
when the bulkheads are elastic and rigid in shear (fig. 9a). 

With bulkheads rigid in their plane, the terms Si.k 
disappear, leaving three terms. If the bulkheads are built 
up of members of length s and of longitudinal stiffness 
2 J _(fig. 9b) it is necessary to put Z s 3 /EP instead of 
bc/Gd in the 81,1c values. 

If the bulkheads represent bending resistant frames 
in their plane, with stiffness in bending E Jjb or I J c 
of the bars or uprights., (fig. 9c)., bc/Od" must be replaced 

by ~. °- (~- + -r-). TheBe figures stipulate longitudinally 
24 E \J"jj Jc' 

stiff edge members of the bulkheads. The last term 
4 b 3 d D + c 3 d c , '.. ■ _ e (T) 



b dt + c dc 



appearing in the 81 v values results 

(a) 



from the parabolic distribution of the shear T set up 

by the longitudinal stresses a. With a uniform distribu- 
tion of the shear this term disappears.* Then the special 

♦Heissner's report contains the assumption of uniform max- 
imum shear distribution across, the section for one condi- 



tion Tj 



or 



(T 

This giveB for the last term in 6i § £: 



b 8 + 



u3 , .3 d 



b dp + C d ( 



instead of - rr- . , j-ta- 

5 (b d B + c d c ) 



lV ¥.A,C,A. Te chniteHi.' Itaso aahdum JTa .. .SAA 1 

ease o/ equal cells and .rigid "bulkheads afford*:" j 

_ . _ 0 • ,16'a, :■ 1 /■* . e V 

0 6r « r " I"S d D '+-c ; d c + - i *".3Ee/f ,: 

. « 0 4 a 1 / b c \ 

0 *»-ptV* I wT+~c~d7 " ia" VdT + dj 



(21a) 



f: - - - ' The effeot of the different -.a a sumptions for the shear 
distribution on the statically, indeterminate X is illus- 
trated in figure 20 (numerical example, section 7). The 
absolute,, terms . 6r,o due to twisting moment II are ob- 
tained wten applying the outside torque Mi equally in 
the horizontal and vert icalilongitudinal walls 



6 r>0 = + 



vb 4 C ; P 2bc " ..dJr+i 2 * 0 



(83) 



If the horizontal quota Mf >r - _ f»»unlike. the vertical quo- 
ta M c P of the torque and the bulkheads are elastic, the 
additive absolute terms are: 



».■ ■ 



r-ito 



*rC„r. . 



fij-.e^rif 

■ ■■ r r . . 



* 6 r.o ^ ap + ai+ J 4 I P 



0 5", 



r+i »o 



i - • 

. 4 »r+i , d" P 



f'.v , tJ. t .' 



(24) 



If the bulkheads.. are rigid the. $± t0 terms disappear. 

Moreover f it will be. noted that with similar application 

of equal torque at ail bulkheads and equal bulkhead design, 

ao . 6i |0 terms, .occur except as edge values. ; ' + d ~ '■ 



, . _ In the special case of equal' eel 1b and equal applica- 
tion of torque., or' rigid bulkheads, itis'.- ■ » 



°' 6r '° " (at" d7)rb" 



(2.8a) 
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Tor torsional load m D or m c evenly distributed 
between the bulkheads, the additive absolute terms due to 
the intermediate loading are: 



r..s.= + . t, 



which reduces to 



m b - 


V 


b: dfc+c 


do J 



[ m b - m e 1 
|_b d D +c dcjj 



4+1 

b c I "b d D +c dglr+i 



I 6 r§ , = 



2 a a 



m b "■ B o 



(25) 



(25a) 



"be b d D + c d e 

for equal Blze and loading of consecutive cells. 

If. "the box is rigidly joined to one end bulkhead (0 
or n) (buckling resistant constraint), the edge terms are 
found from (21) to (25) by assuming a rigid cell (d or 
d" =oo); joining the edge cell (l or n) . 

5. Square Cells with Eeinforced Corners 

If the corners of a box with shear-resistant wallB 
are reinforced with stiffeners of section J, the stress 
condition can be determined with the edge loading t from 
(5) in the same manner as described in section III. 2. Be- 
cause of Z r = 1 this condition is: 

* 6 *'* 



Vr = 



2a 



c, r 



_ L 2b d ° - 3 * a » i 1 - Gfe)'] 

di, J_ A b dfc + c d c -f 6 1 

i [ z ° 4 ° - 3 ° a ° f 1 - <^a)j 

a i 0 1 1 " b d* + c d 0 + 6 7 



(26) 



With shear uniformly distributed across the section, 
it is: 



D « r " 2a d D ' 



'c.r 



2a d c 



Because of outside twisting moments 
attitude is one of pure shear: 



(26a) 
the stress 
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2 H 



o J . 21) o 0,0 2b c d c 

tan 

The result of evenly distributod torsional loading is 
,the additional normal stress (compare (17)): 

6 m-jj - m c . 

a * = * h~dV+^ _ dc~+~6"y 2~d~c~ x - " . x : 

-?.nd^t?- 4 o evenly distributed shearing stress: 

The deflection- factors due to X =■ 1 for a "box with 
shoar-rosistant walls- and corner stiff enors are obtaij&ed.-}?y 
writing ■!■:": 

/ 

7 (Hb + c 4 C ) + I instead of ~ (h d D + c d c ) 

in formulas (21) for the "box without" corner, stiffeners. The 
terms due to th.e elastic bulkheads ajp. w^ll as the 

absolute terms' 5 r|0 from (23) and' (24) due to outside 

torque, remain.' In the additive absol-fit'e. terms 6r * due 

to evenly graded torsional load ±- (b d^ + c d 0 ) must also 

he replaced by (b dfc + c d c ) + T] . The assumption of 

uniform shear distribution here is the more appropriate as 
the corner reinforcement 1b greater relative to the wall 
sections (fig. 20). 

6. Square Cells with Walls EesiBtant in Tension Only 

The rigidity in shear in the walls of a hoi stiffened 
at the cornera can he disregarded, and the walls built of 
very thin webs. Then the wob walls are only stressed in 
tension; they form "tension diagonal fields" (reference 8). 

The oblique tension stresses a in tho web (fig. 10a) 
set up normal stresses and bending moments in the longitu- 
' dinal flanges. With upright stiffeners spaced suitably 
closely e (■£ to £ of beam height h) , tho bonding stress 
is ineffective. The uprights balance the vertical compo- 
nents of tho tonBion a applied at the top and bottom 
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flange. The produced stress attitude is particularly sim- 
ple when a b Burning "bonding resistant flanges together with 
longitudinally and "bending -resistant pin-ended uprights. 
The permanent tension stresses O produced in each panel 
"between two uprights form an angle a = 45° , independent 
of :. the transverse force Q acting in the panel 

■ ■ ■ . . 

TTith finite longitudinal stiffneBB of the uprights, 
angle, a "becomes less, averaging about 40 for practical 
dagos. The stress ■ at t it'ude is also somewhat modified with 
finite "bending s'tlffness of the uprights. Instead of the 
sudden change in tension 0 at the uprights, there is a 
rise in tension from the tension toward the compression 
flange even in the panel. However, the assumption of lon- 
gitudinally and tending resistant uprights suffices for 
our purposes. 

The stress attitude in the longitudinal flangos and up- 
rights due to. equal panol-point loads is illustratod 
in figure 101>. The flanges and uprights are first subjoct- 
e]d to linearly lncroaBing tension L 1 and V as a result 
of tho directly applied components of the tension stresses 
In the same direction; Becond* to constant tension L" and 
7" as a result of the support reaction transmitted "by the 
flanges and.uprightB of the vertically acting components 
of the tension stresses. In figure 10 the load L ' in 
the top flange 1b a tension; in the bottom flange, compres- 
sion; the load L" in "both flanges is compressive. 

The argument for the flat plate "beam with very thin 
web 1b readily applicable to the "box with four such longi- 
tudinal walls wherein, however, the longitudinal flanges 
now refer to two_walls. The loading of a square cell (fig. 
3) under twist U produces in the horizontal and vertical 
side walls oblique tension stresses corresponding in amount 
and direction to the outside oouples B 0 and Go (equation 
(D)» 



The tension L' 0 (fig. 10b) of the horizontal and 
vertical longitudinal walls cancels, whereas, the superposed 



ad 
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-Srt;? anfountfs to," 



lo - ,Vo- = lo - + + 2V - + . ^V^ H 



(28) 



Por condition 1=1 (fig* 3) the direction of the ten- 
sile stresses formed as a result of the outside torsional 
load is used as hasia, "because this attitude governs the 
direction of the tension stresses in the final system. 
Owing to X = 1, there also will "be oblique compressive 
Blesses. 

-.The. ^result of X r = 1 at the right bulkhead of cell 
r . becomes with <Jb = " B r and Q e = r -0 r according to 
(2) 

1 1 



°b.r = - - 



a 



c,r 



= + 



a d. 



(29) 



Sesides, owing to X r = 1, there are the longitudinal 
flange stresses: 

.:r x 



I'l.r = - 1'll.r- I'-III.r" " L l IV,r= + = 



l b T _ = l» = l" ;;- _= _= + 



b ^_c 
4 a 



(30) 



I.r " II, r~ " Ill.r" " 17, r 
and, owing to X r _ x =1 at the left bulkhead: 



L, I,r-i= " L 'll.r-i= L, III.r-i= " L 'lV,r-i= 1 ~ J 
lH I,r-x= LB II.r-x= L "lII.r-i= Ln iV,r-i= " 



K ( 30a) 



The appearance of tension diagonal fields in the bulk- 
heads is followed by oblique tension stresses of double 
the amount of the Bhear stresses in section III., 3. Then 
the deformation factors are according to (20): . . 

■ »£i ■ .» / / 0 -V* 

or 

fi ( D ) _ ^,1 °Wk , j CT c. l q o.k _ . 4 

6 1 ,1c = — , — =■ — L - a b db and — J — ^ — *— a c d c 
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for one f ield, .- when assuming constant tension stresses in 
t-be -horiso-ntal and vertical . fields of the cell*. 

j a \ 

The. proportion" of one longitudinal flange of section 

T to the deformation' factors is 

,(!•) r t „ dx 



it* * _ r t t 



Being, presumed rigid, the uprights, do not contribute 

. , ■ 1,k ~ 

Thus, with' symmetrical slse, the factors due to X r = 1, 
are: 



2 6 



r ' r [_ Vfci Or a r + (,« 



h d c/r+i a r+i 



3 6 



r.r * [ 3 V?r *W 



(h - c)' 



16 



8 r+i 



S (31) 



E 6 



(D) 



.r-i " ' 2 Uh + Or 



c N 



E 6 



(L) 



r i r-i 



(h - c)' 



6 T r 16 a r T r 
i r+i correspondingly) ^ 
Similarly, the absolute terms due to 1£ are: 



E 5 



(D) = _ oj 



r,o 



E *™ 
E 6 r , 0 



o a - o' 
4 he 



/fir Mr+i\ 



— - ( - 



2 fi 



r+l 



Vd 0 d c ; 

r+i Dc 



r (32) 



For the special case of equal cells and rigid "bulkheads, 
we have: 
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a ; - ; , B 6 r.r " a ^ + d c y*.3 I + 2 a I 

A ^pmpariaon of 8$ D > of (31) and (32) with the ? 

( T ) 

8i,k terms of (21) and (23) reveals that the only differ- 
ence between the deformation quotas of the tension-resist- 
ant walls and the shear-resistant walls with evenly dis- 
tributed shear is in the factor 4 G/E. Tor elastic bulk- 
heads the &4 v terms given in (22) become additive to the 

(D) (L) 

above deformation figures and Sj^jg. If the bulk- 

heads permit tenslonal diagonal fields, then G- is to be 
replaced by U/4. 

7. Blunt-^edge Cells 

The attitude of stress and deformation established by 
assuming an evenly distributed shear stress for the square 
cell of shear-reBiBtant wallB with and without corner Btiff 
eners can be likened to that of a box with flanges of 

3P l = J + | (b d D + c' d c ) 

section concentrated in the corners. The transverse force 
(shear) Q*b and Q c , respectively., transmitted by the 
bulkheads is, in square cells, taken up by the walls of 
section T D = b d^ and 7 C = c d c , respectively, and the 

bending moments by the flanges of section . The ta^aafk- 

vejp^e forces of the wall T and the forces of the longi- 
tudinal flange L, are 

*b = T b T b - *b and T c = T c T c = ^c 

Lj = - L IX = + I>m = - L IV = (-£ - ~) * 
The deformation quoVt£ of walls and flanges are found 

from: 
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(>M . i a dx . a dx 

i 

•is- / 

By BBBumlng evenly diatribut e.d shear streeaea the at - 
itude^ of atreBB : and deformation can "be., developed In aimi- 
lar faahibn for the blunt -weidg'e cell (fig. 11a) with the 
proviso, however, that the longitudinal flanges also aid 
In taking up the shear from the bulkheads,. With the dimen- 
sions of the rth cell (figfc 11a) , ' the 0&&e*B stresses of the 
walls are: oU — 



and 



0 °r 7 p r- i x _ °rti 

*c = - 'ic "" %c Cx ' a = ^c cx ■. 

which i when putting 

* x h T - b r _j, c r - c r _x 

5 = - . P = — 7 = 

a D r - i . Or-i 

*x = V-i U + P O and c x = c r-1 (l + 7 t) . 
becomes 

*d = <ib r+Ve and T ° = Qc r+Ve 

The load on the longitudinal flanges of length I la: 
Vb x .» c x / a «^ 



[_*r-i 1 + 



P £ °r-i 1+76 
Then the integration of 
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( T \ . , »ij dx D a c dx 

8 U?y t m rii aa V T ci T c*ri: 

S 1|k - / Li L k — 

over "the true lengths a-jj and a c and I (fig. lib) give 
the. deformation of walls and flanges, wherein 

31 = J + | (b x d D + o x d c ) 
T D = b x d D and T c = c x d c , 

must "be Introduced. 

With constant corner reinforcement J the chancing 
flange section 3P^ may he replaced by a constant mean 
section. - ■ 

With dx-5=a-b d | and dx e =a c d | and d I = I d \ 

together with the insertion of the previously defined T 
and L values, we hove: 

(L) _ I 3 



6 



^h. i Qb.k /_e^d e.^c.^^c.^ / e 3 d g 
i> r -i V (i+pe? 4^ o- 7 (i+ 7 ef 

Qb. i Qc .lc + ^c.l Qb.k r 1 t" d * ] 

Dr-i cr-i o' (l + JW U+WJ 



The integrals therein are: 

/ d & _ _1__+J3A3 
o (1 + p eT" " (1 + p) 3 



J X ~ — ~r = Cp ^— - 2 in (p + I)] 

o ci + pe) p p + i 
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• / C-AJ jl. + i*L& + + + 11 

-o U +-P E) (1 + 7 I). P'y P (P - 7) 7* (7 - P* 

... (o /l (i!i e) s - - a4 /vhrw r oorrefl ^ din ^> 

( T) (l) 
. Prom these, deformation quotas &i t ic and 6i t t the 

coef f ifllents and the absolute terms of the elasticity 
equations :can he worked up. 

The cross stresses Qjjjf^'aud Q c must he included con- 
formably to the existing load cases. They are obtained 
from tw6 elasticity equations in the same manner as for 
the square cell. With the abbreviation 

Z r = b r c r _x + c r b r _i 

the cross. . stresses at the bulkhead (r - l) as a result 
of X P = 1, . .'is 

• . ■ 

b r _ x b r c P ^r-L-V-ll 
Q h,r = "a7~£; • ^c.r = " a P "fc r ' * 

The croBB Btresses Qb,r-i and ^c,r-i at "bulkhead 
are as a result of X r _x =1 of opposite sign and are ob- 
tained by exchanging sign r and (r - l) at b and c. 



Owing to torsion moment fi, it is: 

^r — c r u 

Qb.o = M > Qc.o = f~ * 



Ipr the blunt pyramid cell (P = 7), we have, due to I r = 
1, 

""r c r 

ftliir = g-a7- ^o,r = " jg-aT ■ 

and, owing to H, 

M M 

" 2 cj..! 1 qc -° ~ 2 bp-j.'' '.; 

In such pyramid cells the stress attitude of the prin- 
cipal system due to M is particularly Bimpie. It is' 
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T-u T IT if 

b , o c , o " 

4 b ■ ■Vo= d c T c,o= ~Tb^~ = ~c^" = 2^~c^ = 2~IV L o = 0. 

that la. a pure shearing stress, according to Bredt'p for- 
mula (15). The proportlona of the absolute terms 8l i 
i r,o 

also disappear_ln thla particular case. By contrast the 
shear due to U In "blunt-wedge cella, varies from Bredt's 
formula: ■ 

M h_ b__ , M 



r D r -i ^ _ J*_ pJLJLpi 

z 



d * T *.o = ^ a * d a o T co = f; — y 

■B^Bides, L Q =* 0. 



... -The attitude of the Btress and deformation of bulk- 
heads of "blunt-wedge cells 1b obtained as for the square 
cell. If the "bulkheads are rigid In shear the stress at- 
titude Is one of pur.e shear again. 

The stre.BB /and Reformation for "blunt-wedge cells with 
tension-resistant walls can be defined In the same manner 
as for blunt-wedge cells having shear-resistant walls, when 
starting with the assumption that the oblique tensile 
stresses In wall center correspond to the evenly distrib- 
uted shearing stresses. (See Z.7.H. , vol. 20, no. 9,. 1929, 
p. 232.) 

IV. VIRAL STHESS 03* BOX 
1. Resolution of Elasticity Equations 



With the 8i,k terms bb defined In the preceding sec- 
tion, the elasticity equations can now be written and re- 
solved. Those containing three or five terms can be dis- 
regarded, since a number of methods have already been de- 
veloped for resolving them (reference 8).' 

In most cases an approximate solution is sufficient. 
As a rule the premise of bulkheads rigid in their plane, 
is admissible. Unequal application of torque at the hori- 
zontal and vertical longitudinal walls (21-q M c ) with 
this assumption results in discrepancies of the redundant 
members from the exact values (fig. 19), which become so 
much greater at the successive bulkheads differ in size 
and loading. Besides, the redundancy effect at the more 
distant bulkheads can ordinarily be disregarded. The sys- 
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tem ia divided, into partial systems of two, or at the most, 
three cells each, and the redundancies determined from one 
equation each with one unknown or from two equations each 
with two unknown factors (fig. 16)'. Thereby only the par- 
tial systems in the vicinity of greater constraint of sec- 
tional huckllng need to he taken into consideration, i.e., 
adjacent to the fixation, and at the points .of sudden 
change of load or else of the cells. Lastly, the solu- 
tions for the box with equal oellB. given hereafter, can 
be applied to systems having unequal cells when proceeding 
on the basis of a box whoa.e cells have throughout the size 
of the cells at the point of constrained sectional buck- 
ling, as, say, at the fixation (fig. 16). 

In the particular case of equal cells and bulkheads 
rigid in their plane, the equation represents a differ- 
ence equation of the second order with constant values: 



Xp.! - 2 a X r + X r+1 = » 



r 



With regularly changing load the solution can be given in 
closed form (reference 9). Tor a box with equal cells and 
rigid bulkheads constrained against buckling on one side, 
this solution becomes for a torque U 0 at the free end 
with a>l or a<-]' (upper or lower sign): 

%T= *U*-ti (±1) r+n » = til (M) 

Cosh n <p /q^ _ i be 

and, as a result of evenly distributed torsional loading, m 



with 



a > 1 or a < - 1: 



v 



Cosh n «P J £3T i 

1 /.. OoBh(n -r)q> / V 1 _ a 3 m , „^ 

n C 1 ' " Cosh n q> (±l) J 2^lj\ a To" (35) 

On account of the intermediate loading, we also have: 



X< 
r 



Z) = _ n _ Cosh (n-r) q> (±1 yr"1 L) a 3 m 

1 oosh n q> V J 2 (a-1) be " 



Tor the box with shear-resistant, longitudinal walls, 
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;:c-.-3 or.' - 

w* Wiiet 

.."o? an.l 



J . " 1 + p 
a ^ — 1 — ,■ 'q> = 



„ v = 



WKafeby* 



^1. 



1 - 1 



Cosh" 1 | a I , 



p/4^ m-p "' m e 
m 



-I 



P = 



16 -a 3 ' | 
E 



b 

a. 



b 4 c 



4 Ut, d c y U D d c ; -d b d 0 



(36) 



(37) 



Tor the "box with simple tension-resistant walls and corner 
stiffeners F, we have: ■ 



a = 



_ J: + fiL 



1 

where 



p + p 



, cp = Gosh 



! + b_±_c p 
b - c_a_ 

+ ft, 



<* - c) S 



(36a) 



-,-<T --v— . P 3 = ry-- (ti as a Dove) (37a) 



With 



Sinh n op ~ Cosh n <p and - — ™ ~ 0 

Co en n 



Sir a > 1 or a < -1 due to torque, the longitudinal 
forces produced at bulkhead r = n are: 

V a M„ 



(38) 



•The p and t) values aro for uniform suear distribution. 
Jor parabolic distribution the denominator has, aside from 
/ b i c > \ 4.x. * 4 b 3 d D +c 3 d c . j- 

r + 7~ J the term - ° rTS"' aid for evenly distrib- 
vd-b d c / ^ 5 (bdfc+cd c )* ti3 +£ J3 

utod maximum shear stress the term :1 . With corner 

ba D +cd c 

stiffeners 7, the term (bd D +cdc+6 P) replaces bdfc+cd c . 
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and, as a result of evenly distributed torsional loading: 

"" (39) 



[ . v.. , X . V 1 a] 
* ^a a - 1 " n 2 (a - 1)J a oc 

71th the values from (36) Inserted, we have: 



and 



^n 



= 7% p U+p/4) 0% Mo (38&) 

= r - 1 — - - — 1 13 a &3 m (39a) 

|y~3~P (1 + p/4) & 3 pj bo 

1 11- 
The valuftB j - . . . === and - are plotted 

V 3 p (1 + p/4) n 3 p 

In figure 12, for various p and n. Tormulas (38) and 
(39) ensure a rapid determination of the redundancy at the 
point of fixation of the one-sidedly restrained box. 

In the special case of a = 1, that Is, p = 0, the 
solution of the difference equation for a torque at the 
end or for' uniform torsional load distribution is: 

Ir = r -n (34a) 

r a a 3 m . 

*r = X Hbo™ (35a) 

The case p = 0 occurs when the horizontal or verti- 
cal walls become Infinitely thin. In such case the box 
becomes a two-walled grillage (truss); then d D and d c = 0 
r\ = ±1, and (34a) and (35a) represent the l/c and l/b 
time curve of bending moment of the truss. 

But p = 0 can also occur when the bulkhead spacing 
a approaches 0. In that case a special limiting transi- 
tion is necessary because n must be made infinite. 

Disregarding the small terms of the higher order jrhen 
p and (p are small, (36) can be written as 



Cosh 9-l»a-l-fr. 2(a-i) = 3p = <p a i 

JhT~- 1 = /3~p = <P, V = T[ 



so 
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becomes 



i ■ « ■ ; 

and 



c = r a, I = n'a, 
* a = (n <p) a = 



48 I 3 | 
Z 



_b 

d c ,/ Vd D 



c 

4c 



) 



Sinn Tjr f -n I M 0 



Xr = r— 7~3r- 



OoBh if be 



S inn J f -n ✓ 



Cosh t ( 



Co ah 
\ 



| Cosh y(l - + ^ Sinh ^ ^1 r\ 
13 " . OoThl? J ijf 5 " 



I m 
b~c 



b cj 



(40) 



(34b) 



(35b) 



The last formula 1b identical with Beissner's formula* 1 ffcr 
the edge' stress of the one-sidedly restrained box with : ln- 
f initely close, rigid bulkheads and the same size with uni- 
(vf.pr.ci torsional load distribution. 

The longitudinal forces at the restrained bulkhead 
y'with infinitely close bulkhead spacing are: 



X n - (t - 1) jl 



l a m 



Ehie course of the redundant members in dependence of the 
bulkhead spacing is analyzed in a subsequent section. 

2. Tlnal Stresses and Loads 

In the box with shear-resistant walls the final shear- 
ing stresses of the rth cell as a result "n't torque U at 
the bulkheads, are: 



'Compare (Ba) (reference 3). Conformable Tt 6 his assumption 



on the shear distribution the term 
in the denominator of ty 3 and r|. 



b a +c a - 
bd-b+cd c 



- must 'be added 
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* ■» ■ 
T r =' f r,o +"T r .r-i *r-» + T r.r *r («) 

Tor square cell a, they are: 

T r = T r.o + T r.r U P - I r -a) (41a) 

: , . ■ ■ 1 1 ■ - 

owing to T Pir-1 = - T rtP . Here the fl hear T r , 0 of (15) 

and T P|P of (9) and (10) or (ll) and, If corner stiffen- 

ers are need,' of (26) mast do inserted.* 

The final longitudinal stresses in the rth cell are: 

<*r = Or,r-i *r-i + ?r,r *r (42) 

Tor square cells the longitudinal stresses of (B) and 
(13) are inserted. 

If the intermediate loading is taken into account for 
uniform torsional load distribution m, stresses T r,z 
and Cr ( z (17) must he added. 

The o til que tensile stresses in the box with only ten- 
sion-resistant longitudinal walls, are: 

a r = a r,o + °r,r-i *r-i + a r,r *r (43) 
Tor square cells, it becomeer 

°r = Op.o + Op.p (X r - X P _ X ) (43a) 

with CF r>0 (27) and CT r ,r (29). The final loads in the 
longitudinal flanges are: 



L r - L r>0 + Ir.r-i ^t-i + L r,r x r 

= (L« + I")r,o + + L B ) r .r-i x r-i 

+ I' + L») r ,r x r 



(44) 



J 

At the left and -right bulkhead of the rth cell of a square 
cell, it is: 



♦The sign -r - for the Cells in 111,2,5,6, was omitted, 
since it pertains to the rth cell throughout. 



g3 F**'. <?,»#.:: Technical" Memorandum Foi .744 

and >- (44a) 

L r = L« f0 + X r + L« ir :U r - X r-1 ) J 

CTi'r.'o (28). L r , P (30) i" 

' ■ The final stress attitude in shear-resistant bulkheads 

Tp = T ri0 + T r , r _! X r _ x + T r , P X P + Tp, r+i *r+i (45) 
and for square eellB, 

Tr = T r , 0 + T r p-1 (x M - 2 X r + Xp+x) (45a) 

( T r.o d 6 ). ? r.r-i (19). 

Tor simple tension-resistant design and rigid-edge 
members of bulkhead, oblique tension stresses of double 
the amount occur. 

3, An^le of Twist - Twisting Rigidity (reference 10) 

They both play an important role in proportioning air- 
plane wings. The final angle of twist A cp r of a cell of 
a box beam may be composed of the angle of twist A <p r , 0 
of the cell in the principal system due to M r and angles 
of twist A <p r ,r-i an & A <p P| r <iue to tne tension groups 
X r _ 1 = 1 and X P = 1 applied at the cell: 

A <p p = A cp Pl o + Acp P , P _x X p -i + A <p rjr X P 

Tor square cells with shear-resisting walls, we have: 

a 4?,,.'. dr / ffr^ir = + 

r 

& A ^r.r-x = & A tpr.-T "=" d r / / T r>0 T r|r _ x dx dy 

= - ■ k ; / b_- _ _c\ 
2 b c Vdi, d c/ /' 
and consequently: -■■ 

aA ^ = a*"fr%-(^b + a^ r -' 2-bc" (a^ " *r) 
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Then the angle of twist of the "box "between any two hulk- 
head a i and k 1b: 

& <Pi,k = § G A (Pj. = —i-s- S M r a P + 
. , . , r=i+i . . 2h B c a p=i+i r r 4 0 / r 

2ho jCd-b- ■ d c )i+i Xl + {.(db do^l+a 

}*»*♦•••■ 

"II th constant dimensions of hox, it Is: 

k 

■ Here S M r a r represents the volume of the twist- 
i+i 

moment area between the bulkheads I and k. Accordingly, 
the angle of twist of the whole hox "between its end bulk- 
heads is: 

h + c b c 

*h d c 5 - db " d c 

= 0 9n.o (1 " S) (46) 

whereby: 

_h_ _ c_ 

, ' d h " d e Uo ~ * B ) * o Uo - X n ) h c 

• ' 5 = b c H ° 'Ho ~ — "IF (47) 

Sb + £ ? B r«r ,'?H P a r . 

Consequently, If the "buckling of the hox with constant' 
dimensions at its end "bulkheads 1b not prevented (X 0 = X n = 
0), its angle of- twist is as that of the principal system: 

I M r a r 

' ' *n = *n.o = i- r — . v./ (48) 

• ■ * . ■ .- 
and its rigidity to twisting: 



34 
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a j d = & Jd.o = 



2 p 3 c a . a 



(49) 



is identical with that of thin-walled tubes of closed sec- 
tion oomputed according to Bredt's formula: 



<* Jd.o = 



4 Ji a 

v d 



iThedjjcxflaise in angle of twist of the "box constrained 
against ( jrnc kllngS compared to the angle of twiBt of the main 
system compulTett~^Dy Bredt's formula, is -expressed by the 
factor £ from (47), which is affected by the dimension as 
well as the type of loading and support. ?or the one- 
sidedly fixed box with- equal cells the X n values of (33a) 
and (39a) afford due to torque at tne end: 

n _ 

2 M r a r = - n a M 0 



-■ l 7 



•no *n 



3 p (i 



r 



(50) 



and, because of uniform torsional loading m: 

m 

| M r a r = f (r - |) m f m 

2> n -n 0 



£ = 



/b p (i + | 



i i 

n 3 p 



(51) 



Here p and T) are as defined in (37) (reference 10). 
With uniform distribution of shoaring stress: 



■n = -Ho * 



_b _ _c_ 

db_" d c 
b . c 
*b" + *c 



, For narrow bulkhead spacing (a — >0, n ->») and with 
tho abbreviation V according to (40) for £ flue to -torquo 
at tho end or uniform torsional loading, we can write 
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and * 



if k y. 

With equal vail thickness dfc = d Q and 

/ 48 13 I d - c a 

= rr+eT 5 "* "n - •no - ft~c • i - °- 4! 

£ = 0.23 -#-=-*V 
I (b + c) 



£ = 0.46 



i (d + 0) L 1 0, ~ 3 I J 



According to the preceding formulas for £ the fixity- 
effect on the angle of twist and the mean twisting rigid- 
ity of the whole "box need not "be allowed for except with 
short systems and such of markedly other than square sec- 
tion, respectively, with markedly different wall thickness- 
es d D and d c . (See table X, section 17,4.) 

Similarly, for the box with only tension-resistant, 
longitudinal walls and corner stiffener P, the mutual 
angle of twist of the end bulkheads is: 

i. + + U_+_o£_ „ 
d b d o B f 5 „ 

■ % = — -jV-p — ? H * a * 



b _c_ . b «■ c 

dfe dc 8 1 

£ b c 



(X„ - X n ) 



= 1 <Rn.o (1 - 0. 



The angle of twist of the box with unrestrained end buck- 
ling is: n 

S ffr a r 
and the twisting rigidity is: 



j 
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j b» c a g 

S J d.o " _b. . c_ . (b + c^" 
d-b + d 0 + 8 T 

TAB III I 



Batio of final stresses T n and a n and twisting 
rigidity a J.a to T ni0 and twisting rigidity Gt Jd.o 
for various side and wall thickness ratios b/c and dt,/d c . 









At the edges 


In center 


(IT _ 

flJ d _<Pn.o 


A. J A 


y, / „ 


°n 


of wall 




o/ c 


T cn, o 


T bn T cn 


T bn 


T cn 


Wd.o *n 








bn,o cn.o 


T bn , o 


T cn,o 






1 


o 


1 


1 


1 


1 




2 


0.701 


1.031 


0.843 


1.125 


1.006 


1 


4 


1.360 


1. 124 


0.627 


1.248 


1.028 




6 


1.670 


1.199 


0.484 


1.318 


1.047 




8 


1.860 


1.257 


0.377 


1.367 


1.063 




16 


2.126 


1.411 


0.100 


1.493 


1.114 




1 


-0.496 


0.969 


1.157 


0.875 


1.006 




2 


0 


1 


1 


1 


1 


2 


4 


0.437 


1.091 


0.780 


1.130 


1.008 




6 


0.649 


1.167 


0. 666 


1.209 


1.022 




8 


0.780 


1.229 


0.498 


1.275 


1.038 




16 


1.095 


1.438 


0.083 


1.480 


1.091 


1 




0 


1 


1 


1 


1 


1/2 




0.994 


0.969 


0.875 


1.157 


1.006 


1/4 


1 


2.72 


0.876 


0.752 


1.373 


1.028 


1/8 




6.24 


0.743 


0.633 


1.623 


1.063 


1/32 




13.25 


0.441 


0.387 


2.171 


1.200 


0 




76.7 


0 


0 


3 


OB 














(OJ d>0 =0) 



See tables II and III at end of report. 



I 
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The diminution factor £ due to fixation Is: 



_b c_ + h a - c 8 



d D d c B I 



b c U 0 - X n ) 



£ = 




n _ 



Z M r a r 



Tor the one-sidedly restrained "box with equal cells the 
corresponding values due to a torque at the end or uniform 
torsional loading of (38) and (39) may be Introduced. 

4. Fixation affect with Different Dimensional Systems 



The formulas for the redundancies (section 17,1) mani- 
fest how the dimensions of the system and the transverse 
stiffening with buckling constraint and variable twisting 
moment affect the discrepancy of the final stresses and 
twisting rigidity from the values of the principal system. 
It is seen that this discrepancy depends on the value r| 
(37) (section 17,1). It increases as the side lengths 
b/ d-b and c/d 0 referred to the corresponding wall thick- 
ness vary from each other. Table I gives the discrepancy 
of the final system from the principal system in the nth 
cell with evenly distributed torsional loading at differ- 
ent aspect ratios b/ c and wall thicknesses d D /d c for a 
restrained box of given length I, given section b c 
and given bulkhead spacing a = l/B. 

Because of the readily damped-out redundancy effect, 
the length I and the number of cells n with fixed cell 
length a Is of no particular influence on the decisive 
change of the stress condition due to buckling constraint. 
The effect of 1 and n with fixed length of syatem, i.e., 
of the transverse stiffening on the stress condition is 
more complicated. The data in tables II and III represent 
the final stress condition due to evenly distributed tor- 
sional loading m c for various numbers of cells n = l/a 

in contrast to the stress condition of the principal sys- 
tem ( a z and t 0 + t b ) as applied to a box with shear re- 
sistant sideB of given length I and given section. The 
effect of the Intermediate loading applied at the vertical 
side walls was taken into consideration. The original di- 
mensions of the box are b/o = 4, d"b/d e = 2, l/c = 24, 



and Transverse Stiffening 
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d"b = c/lOO. The stresses are given at -..x/e = 2, 4,' 6... 24 
with x 'denoting the distance from the free end. 

The redundancies with different buikhea.d spacing a, 
were computed according to (35),- and are shown as ordl- 
nates against the bulkhead figure In figure .13'. The graph 
also shows the curve resulting from Infinitely close bulk- 
heads (35b) when the boundary 1b exoe-eded. The curve for 
n = 24 already Is practically the same as that of the 
boundary. curve for n = «, -so that In this case of a < c 
..buljcjki ead.t spacing, the assumption of Infinitely close bulk- 
heads. ..Is,, admissible . 

After a certain bulkhead spacing (a ~ l/e ) has' been 
exceeded, there Is no appreciable change In the final 
stress condition, according to tables II and III; likewise 
the additional stress condition due to Intermediate load- 
ing is no longer of great significance. Trom this follows 
that .the purpose of transverse stiffening, to ensure the 
beat uniform stress distribution, and consequently, great- 
er-twisting rigidity, is already obtained by comparative- 
ly wide bulkhead spacing. On top of that, the buckling 
constraint ..causes -:a.. load In the narrow upright and a re- 
lease in the wide horizontal side walls, whose effect, 
Jlowatvei", is, with the usual bulkhead spacings , restricted 
t r 6 th,e. vicinity of the fixation. Accordingly, It suffices 
as' a rule, .%o Bimply allow for the change In streBS con- 
dition .through the tensions X n , and for the rest, con- 
sider the stresses of the principal system as the final 
ones. 

V. HUMEBICAL EXAMPLES 



The following example* apply to a one-sidedly re- 
strained box with transverse stiff enera- spaced at n = 5, 
as,' for Instance, used in the center box of an airplane 
Wing. (fig. 14). The loading consists of a torque applied 
at the end (of the wing-tip portion, for example): M 0 = 
1200 m'kg and an evenly distributed- torsion at the upright 
side walls: m c = 500 m'kg/m. The rift Bui t: 1b the twisting 
moment -area shown, in figure 15.- 

— . ■ 
■ ■ i. 

1. Box with Shear-Resistant Walls 



a ) Blg ld bulkheadB.- The shear-resistant side walls 
are assumed to have stepped wall thickness and rigid bulk- 
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heads. Dimens ions : a = 80 cm, b = 120 cm, c = 40 cm. 
. Wall-thickness in mm . . . . . 



r = 


1 


2 


3 


4 


5 


T - 


0 


*D = 4c 


1.5 


1.5 


1.8 


1.8 


2.0 


a _ 
I 


5 
13 



Coefficients of deformation : lor the special ease of 
equal cell length and, equal thickness in vertical and hor- 
izontal walls, equation (21) gives the coefficients of the 
redundancies: 

zh [0 + c + I ^"H)t) (d7 + d7+l)} 

. _ .da 1 1 T. ^ . 4 t) 3 + c 3 l 1 

° 8 r,r-i = 4 i - + 0 + 5 rr+^c^J i; ■ 



The load figureB, according to (23), are: 



G- 5 



= 1 1_c 
r '° 2 b c 



The evaluation of the deformation coefficients yields the 
system of elasticity equations of table IV. 



TABLE IT. Elasticity Equations with Hlgid Bulkheads .- 



X 


1 


2 


3 

* 


. 4 


5 


■Load flguri 
Ub=1200 
mkg 


is due to 

m c =500 
mkg/m, 


1 

2 
3 
4 
6 


38.5 
-3.9 


-3.9 
35.3 
-3.2 


-3.2 
32.1 
-3.2 


-3.2 
30.5 


-2.9 
14.5 


0 

1111 
0 

'555 
- 5000 - " 


-2220- 

-1295 

-1850 

-1020 

+7-500 



mkg X 7.23298 = ft. -lb. 
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■ Redundancies:'" Tla4l^r<Soln.tioA»fii*««-?. 

M 0 = WOO^mkg' * l a e ^*V*5<D0*mkg/m 



.1 t: 



= ... :3. ". . ; ...::x L .= - w 

: i 

' X a =• : 33" • ." ; : '-'X 8 J= 49'" 
X a = 9 X a = r 62 

X* = ~63 x 4 ^ ■ io ■■■ - ,: 

X B = 357 X 8 = 521 

shown as a In figure 16» which likewise, indicates the .; 
redundancies under the assumption that nil cells are equal; 
that is, as the cell at the restraint' (lines b) . In the 
latter case, the redundancies.-. may he computed according 
to (34). and. (35). , Wijjfc the, dimensions pf . the nth cell, 
we have: 

p=1.14,' Tf?0.37, ' 0=4,9.9,,; q> =.€osb~* |a| =2.29, V =0.86 



for M 0 = 1200 mkg 



u a 

—■ M 0 .= + 353 



Va 3 T 1 TJO; 



for m c = 500 mkg/m 



,3 



v a b. 

.-. 2(a - 1) . DC ( 



15 n a a m 

= + 587 



*J X& -1 he 



Comparing a and h, it 1b seen that, even with un- 
equal cell dimensions, the redundancies computed with the 
dimensions of the constrained cell on the" assumption of 
e^ual cells, yields close approximative "values^ Tor rough 
calculation it suffices to compute the redundancies inde- 
pendently from a one-term equation (X r = - 8 r ^ 0 /Sr,r) 
_ejach« The ensuing redundancies are shown in figure 16, 
denoted hy o. 

■ • 

ffinal st resses.- formulas (41a) and (42.) give the max- 
imum shear and tension stresses (at. wall center and qit i. 
edge. J) of tahles V to. 711. .The effect of the intermediate 
loading due to mo is disregarded. (See section 17 i 4.) 

Figure 17 shows the shear stresses Tbr.o end T c 'r,o 
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at the principal system due tor external load lf 0 and mc 
and the additional' shearing stresses Tfcr.x ani T cr,x 
due to redundancies X r . Accordingly, the restraint in 
the horizontal side wall produces in the nth cell, as a 
result of constrained cross- sectional hackling, a decrease 
in stress of the order of 30 percent and in the vertical 
side wall, an increase of approximately 20 percent. In 
the other cells the discrepancies of the final stresses 
from those of the principal system are minor. 

The course of the tensions a» 1b shown in figure 
18. The abrupt change at the "bulkheads is due to the 
stepped dimension. 

b) Elastic bulkh eads.- Here we include the redundan- 
cies for the case of elastic, Bhear-reslstant walls (5 = 
1 mm). The end bulkheads are assumed rigid as before. 
Then the special_case of equal cell length and equal bulk- 
head thickness d gives, according to (22) (section 111,4) 
the additional coefficients. 



„ - 3 b c 

a «».* Tel- 



— b c b c 

* 8 r.r-i = - a if. <> &r,r- 3 "4^4 



TABLE 7 



Shear at wall center and tension at edge I (kg/cm s ) 
due to condition X r = 1 kg at principal system. 



r 


T £t) =T (t) ' 

'br,r 'cr,r 




T< a ) 
cr,r 


T br,r 


'cr,r 


a r.r 
and 

Tr.r-i 


1 


-0.0208 


0.0937 


-0.0312 


0.0729 


-0.0520 


0.2500 


2 


-0.0208 


0.0937 


-0.0312 


0.0729 


-0.0520 


0.2500 


3 


-0.0174 


0.0781 


-0.0260 


0.0607 


-0.0434 


0.2083 


4 


-0.0174 


0.0781 


-0.0260 


0.0607 


-0.0434 


0.2083 


5 


-0.0156 


0.0703' 


-0.0234 


0.0547 


-0.0390 


0.1872 
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TA3LE VI 



Pinal shear and tension (kg/ cm 3 ) due to M 0 = 1200 m kg 





Mr 


T hr,o 


Ur- 


T or,r 


T cr, r 








r 


(mkg) 


= T cr ,o 


*r-x) 




(Xy-Xj^. J ) 


T hr 


T cr 


°T 


1 


-1200 


-83.3 


3 


0.2 


- 0.2 


-83.1 


-83.5 


0.8 


2 


-1200 


-83.3 


30 


2.2 


- 1.6 


-81.1 


-84.9 


■ 8.3 
16.9 


3 


-1200 


-69.6 


-24 


-1.5 


+ 1.0 


-71.0 


-68.5 


1.9 


4 


-1200 


-69.5 


44 


2.7 


- 1.9 


-66.8 


-71.4 


(11. 1 
\ 9. a 


5 


-1200 


-62.5 


304 


16.6 


-11.9 


-45.9 


-74.3 


67.0 



TABLE VII 

Jiual shear and tension (kg/cm 3 ) due to me •■= 500 mkg/m 



r 


(mkg) 


T hr.o 
= T cr,o 


X r-i> 


T br,r 


'cr ,r 
<V" x r-i) 


T br 


1 

T cr 


r" 

a r 


1 


- 200 


-13.9 


- 62 


-4.5 


+ 3.2 


-18.4 


- 10.7 


-15.5 


2 


- 600 


-41.7 


+ 13 


+0.9 


- 0.7 


-40.8 


- 42.4 


J- 12. 3 
1-10.2 


3 


-1000 


-57.9 


- 13 


-0.8 


+ 0.6 


-58.7 


- 57.3 


-12.9 


4 


-1400 


-81.1 


+ 72 


4.4 


- 3.1 


-76.7 


- 84.2 


J 2.1 
11.9 


5 


-1800 


-93.8 


+511 


28.0 


-19.9 


-65.8 


-113.7 


97. 6 
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TABLE VIII 



^'Elasticity equations for elsBtio bulkheads 
("bulkheads o and n are rigid) 



1 

k 


. 1. 


2 


3 


4 

4 


5 


Load flgux 
1I 0 =1200 
mkg 


es due to 
m c =500 
mkg/ m 


l 


(L) 38.5 
(ft). 9 f 4< 


- 3.9 

- 7.5 


0 

1.9 
1.9 


- 




0 
P_ 
0 


-2220 
-,^250 


E 47.9 


-11.4 


-3470 


2 


- 3.9 

- 7.5 


35.3 
11.3 


- 3.2 

- 7.5 


0 

1.9 




.1111 
0 


-1295 -j 

o . 


-11.4 


46.6 


-10.7 


1.9 


mi 


-1295. , 


3 


0 

1.9 


- 3.2 

- 7.5 
-10.7 


32.1 
11.3 
43.4 


- 3.2 

- 7.5 


0 

1.9 


0 
0 
0 


-1850 \ 

0 ■ . 


1.9 


-10.7 


1.9 


-1850 


4 




0 

1.9 


- 3.2 

- 7.5 
-10.7 


30.5 
9.4 


- 2.9 

- 3.8 


555 

Q 


-1020 
-1250 . 


1.9 


39.9 


- 6.7 


556 


-2270 . 


5 




Ha 


0 

1.9 


- 2.9 

- 3.8 


14.4 
16.3 


5000 
0 


+7500 
+1250 


1.9 


- 6.7 


5000 


+8750 



In like manner, equation (24) gives the additional 
load figures for the torque M c applied equally at all... 
bulkheads as vertical moments* 



a '6i.o = & 5 n _ li0 = - & 8 n , 0 = - 

There are no additional load values for a torque at the 
end when the end "bulkheads are rigid. 

The above additional coefficients give the system of 
elasticity equations of table VIII. The side (L) and 
bulkhead (Q) quotas to the deformation coefficients are 
shown separately. If Z r is the solution of the equations 
with five terms for the original load values from the side 
walls and X r the solution for the additional load values 
from the bulkheads, we have: 
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"because of M 


0 = 1200 mkg 


because 


of m 


c . 


500 


mkg/m 


Xi =. 6 


X r = 0 


X x = - 


57 


x\ 


= — 


28 


X 2 = 24 




x 3 = - 


59 


x 2 




8 


X 3 = 8 




x 3 = - 


66 


*3 




9 


X 4 = 74 




x 4 = 


41 






22 


X 5 = 334 




X s - 


484 


x 5 


= + 


69 


The course of 
figure 19 by 


the redundancies X r and 
b and c, in comparison 


X r 
with 


is shown in 
those (a) for 



rigid bulkheads of figure .16. It is seen that (Mb.r = 
M c r ~ M r /2) the difference between assumedly elastic and 

rigid bulkheads is small, s'c long as the torque is uniform- 
ly applied. The application of torque as horizontal cou-_ 
pie. (Mb.r = Mr) produces equivalent additional values X r 
(lines c) with contrary sign. from these two limit cases 
of application (M Cjr = M r and ^t,r ~ M r ) all intermedi- 
ary cases may be deduced. 

2. Box with Corner Stiffeners 

The restrained box with shear-resistant walls is now 
assumed to be fitted with corner stiffeners ]? = 5 cm 2 . 
The outside dimensions are the same as before, the wall 
thickness in all cells the same ( d-jj = d c = 2 mm). The as- 
sumption of rigid bulkheads gives the redundancies accord- 
ing to (34) and ( 35) . 

The graph (fig. 20) shows the redundancies X r (lines 
2a), the redundancies for an assumed uniformly, rather than 
parabol ically distributed shearing stress and maximum shear 
for loading Mo (lines 2b and 2c), and finally the redun- 
dancies for an assumed shear distribution of a box without 
corner stiffeners (lines la to lc). It is seen that the 
effect of the shear distribution decreases as the corner 
stiffening increases. 

The final stress curve is not shown separately. The 
additional shearing stresses due to redundancy X r are 
somewhat higher than in V,l, but the additional tensile 
stresses are slightly lower. 
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3. Box with Simple Walla Resistant to Tenaion 

The restrained box with the same dimensions as before, 
la now assumed to have onl7 tension-resistant side walla 
of thickness d D = 0.6 mm! d c = 0.4 mm, and corner stiff en- 
era ! = 6 em 8 . 

■ Tor the particular case of equal cells and rigid bulk- 
heads the redundancies X r , according to (34) and (35) . 
give: 

Pi = 0.237, Pa = 0.044, T| = 0.333, a = 1.382, 
<P = 0.848, and V = 0.455 
because of Mo = 1200 mkg because of m c = 500 mkg/m 

X x = 26 Xi = - 183 

X a =? 72 X a = - 203 



X a = 173 X a = - 76 

X 4 = 417 X* = 298 

X B = 955 X 6 = 1205 



The redundancy la shown as 3, In figure 20. 

The calculation of the oblique tensile stresses a r 
bb well as of the flange stresses L r Is effected by 
(43a) and (44a). Jigure 21 gives d D Ohr.o = 4 c a or,o due 
to outside loading at the principal system, together with 
the additional values -d D ^br.x ~ ^c a cr,x d -' ae to Xr* 
The stress decrease in the horizontal side wall and the 
increase in the vertical side wall is the same in this sys- 
tem and amounts to about 30 percent in the nth cell. ■ Cells 
adjacent to the restraint likewise manifest a greater in- 
fluence of X r when the box has only tension-'reaiatant 
walla ■ 



Figure 22 shows the flange stresses I r , 0 dtao to out- 
aide load at the principal system separate from the addi- 
tional flange stresses L r , x due to X r . The great effect 

of Xr on the flange stresses is thus manifest. 
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VI. APPEHDIX 



• r; j ; . f ■■ !■ 



Stress Condition According to the Elgorous Theory 

of Elasticity* 

tXtJL.. crv^-^ 

The result of the tension group Z = 1 for the bound- 
ary condition of vanishing buckling of side-wall sections 
is- the. following stress condition. 

•■7. . ■ 



In the horizontal wall: 

_ 1 b/a b 
a *.b= - 2 mW bmdfc+cmdc Cbc * k 2 



31nh k y 
Sinh k | 



y Cosh k y 
CoBh k | 



_4_ Sinh _k_y 
k * Cosh'k | 



cos k X, 



Sinh k y 

Sinh k | 

7 Cosh_k_y/ 
^ 0oBh k | 



cos k z, 



T, = ± 

* 2a d* 



+ Z - 1 - 



_b/a_ ^ b 

nrrr b^vf-c^c Csc4 * 2 



Cosh k y 
Sinh k | 



_y Sinh k y 
" V* Cosh k"| 

In the vertioal wall: 



2 Co sh k y 
kb Cosh k | 



sin k x, 



a x,c= + 2 =r 



c/a 



. . , . ■ ;Cscli> k % 
nrrr hmdo+Cmdj, ■ 2 



Sinh k g 
Sinh k | 



g Cosh k g 

c/2 _ . . c 
' Cosh k g 



4 Sinh k g i 



kc 



Cosh k | I 
* J 



COB k X, 



*A detailed development of the following formulas will be 
given in a report soon to be published in the Ingenieur- 
Archiv. 
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y« c - ■* mrr b m d t +c m d c \°7 2 81ah k | 

0/2 Ooah k I I 
't\'-" ■■' L y JL c/a . c rC otih'k z 

■ 2a d 0 s ™ wcdfl- Cacl1 k 2- hjnsnri 

. ..«/» Ooah kg kc CoBh k |J 
The effective width 1^ la: 

. - 1 - Sinh k b - 1 

. _ _D ED j . 

^ 2 Cosh k b - 1 

• «•, bit 

k = 27 

( c m correspondingly). 

The.n0rr2.al streseeB 0^ and the shearing stresses 
'for a "box of aspect ratio a: b : c = 2 : 4: 1 haB been 
computed adcordlng to the preceding formulas and plotted In 
figures 23 and 24. The dash lines show the strese for the 
'assumption of linear normal stress distribution 0^ and 
parabolic shear distribution T. 



Translation by J. Vanler, 
National Advisory Committee 
for Aeronautics. 
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Figs. 1,2,3,4,5,6,7,8 



- Box with torque at "bulkheads. 
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Figure 2.- Square cell with 
intermediate 
loading. 
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Figure 3.- Principal system with 

twisting moments M and 
"buckling forces X. 





Figure 4.- Corner deformation 

with and without 
individual "buckling of longi- 
tudinal walls of cell. 
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Figure 5.- Edge loading of 
longitudinal 
walls of cell. 
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Figure 8.- Edge loading of bulk- 
heads, (a) due to X r =l, 
fb) due to M D , fc) due to M c . 
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Figure 6.- Normal stresses a r due 
to Xj. = 1. 



Figure 7.- Shear stresses r r due 
to Xj. = 1. 
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Figure 9.- Bulkhead designs. 



Fig. 



Figure 10.- 
Load and stress 
condition of a wall with" 
very thin weo and tending resistant 
flanges and uprights. 
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Figure 11. -(a) hlunt-wedge cell 

in torsional and 
buckling load, (o) vertical 
longitudinal wall. 
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71g0. 13,14,15,16 
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Figure 13.- Redundancy Xj. at restrained 

box due to m^c 2 = 1 for 
different "bulkhead spacing a = z/n . 




Figure 14.- One-sidedly restrained 



soor 



inf. 
(due to) 

» m e ~SMmty/m 



mi mil 



box with equally spaced Figure 15.- Twisting moment areas 
transverse stiffeners. for ^JJ torqiie J 

1200 mkg and uniformly distributed 
torsional loading m c = 500 mkg/m . 

(mkg x 7.23298 = ft. -lb.) 
figure 16. - Redundancy Xj. of restrained 
box with rigid bulkheads. 

(a) unequal size of cells, 

(b) equal size of cells, 

(c) unequal size and 

6r »o 

approximation (X P = - r—* 

o r,r 
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Figs. 17,18.19,20,21,22 
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Figure 18.- Pinal normal stresses 
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Figure 17.- Final shear stresses 
(Tr, 0 +T r,x) in mid-wall. 
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Figure 20.- Xj. of restrained "box 

Figure 19.- X r of restrained box wajSf ^ 06118 "* 

with stepped dimensions /^ 6 il S!' roa , qton+ „-,■,„ 

(a) X r with rigid bulkheads, {J ^ "J th sh , ear 

(1>) ^iS th / la8t J C a «* corner stiff eners, 

bulkhead o and n rigid) and (&) paral)0 i ic 8hea r distribution, 

equal application of torque (b) ahear attribution, 

( \ ixlU iV * ' ,,lc) under uniform maximum shear 

(c) additive ± X r for uneven appli-* distribution, 

cation of torque (Mj . P = 0, M c ,r (3) ^ with only tension resistant 

= M r and Mi,, r -M r , M c ,r= 0). walls. 
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Figure 21.- Final tensile stresses 
(d • <5r f0 + 4 • or,*)* 
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Figure 22.- Final flange forces 
(lT, 0 +1, r,x + L "r, x ). 
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Figure 23.- Normal stresses ct x due to X = 1 kg according 
to rigorous elasticity theory. 



kg/ cm? x 14.2235 = lh./sq.in. 
kg x 2.20462 = le. 
cm x .3937 = in. 




Figure 24.- Shear stresses t due to X = 1 kg according 
to rigorous elasticity theory. 
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